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We present a general form of multi-dark soliton solutions of two-dimensional multi-component
soliton systems. Multi-dark soliton solutions of the two-dimensional (2D) and one-dimensional
(1D) multi-component Yajima-Oikawa (YO) systems, which are often called the 2D and 1D multi-
component long wave-short wave resonance interaction systems, are studied in detail. Taking the
2D coupled YO system with two short wave and one long wave components as an example, we
derive the general N-dark-dark soliton solution in both the Gram type and Wronski type determi-
nant forms for the 2D coupled YO system via the KP hierarchy reduction method. By imposing
certain constraint conditions, the general N-dark-dark soliton solution of the 1D coupled YO sys-
tem is further obtained. The dynamics of one dark-dark and two dark-dark solitons are analyzed in
detail. In contrast with bright-bright soliton collisions, it is shown that dark-dark soliton collisions
are elastic and there is no energy exchange among solitons in different components. Moreover,
the dark-dark soliton bound states including the stationary and moving ones are discussed. For the
stationary case, the bound states exist up to arbitrary order, whereas, for the moving case, only the
two-soliton bound state is possible under the condition that the coefficients of nonlinear terms have
opposite signs.
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1. Introduction
The two-dimensional (2D) coupled Yajima-Oikawa (YO) system, or the so-called 2D coupled
long wave-short wave resonance interaction system:1
i(S(1)t +S
(1)
y )−S(1)xx +LS(1) = 0, (1)
i(S(2)t +S
(2)
y )−S(2)xx +LS(2) = 0, (2)
Lt = 2(σ1|S(1)|2 +σ2|S(2)|2)x, (3)
where σ1 =±1, σ2 =±1, S(1),S(2) ∈C, L, t,x,y∈R, was derived as a two-component generaliza-
tion of the 2D YO system (the 2D long wave-short wave resonance interaction system) by virtue
of the reductive perturbation method.2, 3 The 2D coupled YO system can be written in the vector
form:
i(St +Sy)−Sxx +LS = 0, (4)
Lt = 2(‖S‖2)x, (5)
where S = (S(1),S(2))T and ‖ ‖ is defined as
‖S‖2 = σ1S(1)S(1)∗+σ2S(2)S(2)∗ . (6)
The above 2D coupled YO system can be generalized into a multi-component system, which is
cast into the following vector form
i(St +Sy)−Sxx +LS = 0, (7)
Lt = 2(‖S‖2)x, (8)
where S = (S(1),S(2), · · · ,S(M))T, σk =±1 for k = 1,2, · · · ,M, and ‖ ‖ is defined as
‖S‖2 =
M
∑
k=1
σkS(k)S(k)
∗
. (9)
The one-dimensional (1D) YO system was proposed as a model equation for the interaction of
a Langmuir wave with an ion-acoustic wave in a plasma by Yajima and Oikawa,4 which was
also derived from several other physical contexts.3, 5–7 The 1D YO system was solved exactly
by the inverse scattering transform method4, 8 and the (classical) Hirota’s bilinear method (which
uses the perturbation expansion).9, 10 It admits both bright and dark soliton solutions. The 2D YO
system for the resonant interaction between a long surface wave and a short internal wave in a
two-layer fluid was presented and the bright and dark soltion solutions are provided by using
the Hirota’s bilinear method.2, 3 The Painleve´ property for the 2D YO system was investigated11
and some special solutions such as positons, dromions, instantons and periodic wave solutions
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were constructed.11, 12 For the 2D coupled case, the multi-bright soliton solutions expressed by
the Wronskian to Eqs.(1)-(3) were provided.1 Later, the bright N-soliton solutions in the Gram
type determinant for the multi-component YO system were obtained.13, 14 Similar to the single
component case, the Painleve´ property and dromion solutions to Eqs.(1)-(3) were discussed.15 In a
recent paper by Kanna, Vijayajayanthi and Lakshmanan, one and two mixed soliton solutions for
the multi-component YO system were constructed.16 Very recently, the rogue wave solutions for
the single YO system in 1D case were derived.17, 18
However, to the best of our knowledge, general multi-dark soliton solutions for the multi-
component 2D and 1D YO system have not been reported yet. Moreover, general multi-dark soliton
solutions for the multi-component 2D soliton systems have never been previously reported in the
literature. In this paper, by using the reduction method of the KP hierarchy, we derive and prove
the general N-dark-dark soliton solutions to Eqs.(1)-(3) and their dynamics are discussed in detail.
Based on the KP theory, the general N-dark-dark soliton solutions expressed by either the Gram
type or Wronski type determinant are obtained directly from the τ-functions of the KP hierarchy by
means of reductions. Similar to the 1D coupled nonlinear Schro¨dinger (NLS) equation case,19 it is
very difficult to obtain multi-soliton solutions for the 1D coupled YO system since some non-trivial
constraints for parameters need to be satisfied. In this paper, we show that the general N-dark-dark
soliton solutions for the 1D coupled YO system can be obtained from the ones for the 2D coupled
YO system by the reduction technique. Thus the constraint condition is naturally obtained.
Kanna, Vijayajayanthi and Lakshmanan analyzed the bound states of the bright-dark solitons16
and the bound states of the bright-bright solitons20 for the 2D coupled YO system. In this paper,
we investigate the bound states of dark-dark solitons for the 2D coupled YO system. The bound
states of dark-dark solitons for the 1D coupled NLS equation with mixed focusing and defocusing
nonlinearities was reported for the first time by Ohta, Wang and Yang.19 The authors pointed
out that the bound states of three or higher-dark-dark solitons do not exist. In the present paper,
we show that the bound states of dark-dark solitons can be formed in the 2D coupled YO system
including the stationary ones and moving ones. For the stationary case, the bound states of arbitrary
order dark-dark solitons exist, whereas, for the moving case, only the bound states of two dark-dark
solitons occur when the coefficients of nonlinear term take opposite signs.
The rest of the paper is organized as follows. In Sect. 2, we briefly present the bilineariza-
tion procedure for the 2D coupled YO system. The N-dark-dark soliton solutions with the implicit
dispersion relation are derived through the classical Hirota’s bilinear method which uses the per-
turbation expansion. In Sect. 3, the general N-dark-dark soliton solutions expressed by the Gram
type and Wronski type determinants are obtained directly through the reduction method of the
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KP hierarchy. Moreover, the general N-dark-dark soliton solutions for the 1D coupled YO system
are further obtained by imposing a constraint on parameters. Sect. 4 is devoted to the analysis of
dynamics of one and two dark soltions, which suggests that the energy of solitons is completely
transmitted through each component when two dark-dark solitons collide. In Sect. 5, the bound
states including the stationary case and the moving case are discussed in detail. In Sect. 6, the
general N-dark-dark soliton solutions for the 1D and 2D multi-component YO system are briefly
presented. Appendix A and B present the proofs of Lemma 2.1 and Lemma 2.4, respectively.
2. Dark-dark soliton solutions of the two-dimensional coupled YO system
Under the dependent variable transformation
S(1) = G
F
, S(2) = H
F
, L =−2(logF)xx, (10)
Eqs. (1)–(3) can be converted into the following bilinear equations:
[i(Dt +Dy)−D2x]G ·F = 0, (11)
[i(Dt +Dy)−D2x]H ·F = 0, (12)
(DtDx−2C)F ·F +2σ1GG∗+2σ2HH∗ = 0, (13)
where G and H are complex functions and F is a real function, C is an arbitrary constant and ∗
denotes the complex conjugation hereafter. The Hirota’s D-operators are defined as
Dnx f (x) ·g(x)≡
( ∂
∂x −
∂
∂x′
)n
f (x)g(x′)
∣∣∣∣
x=x′
.
2.1 Dark-dark soliton solutions by Hirota’s direct method
In this subsection, we look for soliton solutions by the Hirota’s bilinear method which uses the
perturbation expansion.10 To this end, we expand G, H and F in terms of power series of a small
parameter ε
G = ρ1 exp(iζ1)[1+ εg1+ ε2g2 + ε3g3 + · · · ] , (14)
H = ρ2 exp(iζ2)[1+ εh1+ ε2h2 + ε3h3 + · · · ] , (15)
F = 1+ ε f1 + ε2 f2 + ε3 f3 + · · · , (16)
where ζ j = α jx+β jy−δ jt +ζ j0 and ρ j,α j,β j,δ j,ζ j0, ( j=1,2) are real parameters.
Substituting (14)–(16) into (11)–(13), we obtain the following constraint condition:
C = σ1ρ21 +σ2ρ22 , δ j = β j −α2j , j = 1,2. (17)
Arranging each order of ε and solving the resultant set of linear partial differential equations re-
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cursively, we obtain the one-soliton solution:
G = ρ1 exp(iζ1)[1+Aexp(η)] , (18)
H = ρ2 exp(iζ2)[1+Bexp(η)] , (19)
F = 1+ exp(η), η = kxx+ kyy+ωt +η0 , (20)
with
A =
(2α1kx− ky−ω)i− k2x
(2α1kx− ky−ω)i+ k2x
,
B =
(2α2kx− ky−ω)i− k2x
(2α2kx− ky−ω)i+ k2x
,
ωkx = σ1ρ21[2− (A+A∗)]+σ2ρ22[2− (B+B∗)] ,
where kx,ky,ω and η0 are arbitrary complex constants.
Furthermore, we obtain the 2-soliton solution
G = ρ1 exp(iζ1)[1+A1 exp(η1)+A2 exp(η2)
+C12A1A2 exp(η1 +η2)] , (21)
H = ρ2 exp(iζ2)[1+B1 exp(η1)+B2 exp(η2)
+C12B1B2 exp(η1 +η2)] , (22)
F = 1+ exp(η1)+ exp(η2)+C12 exp(η1 +η2) , (23)
with
A j =
(2α1kx, j − ky, j −ω j)i− k2x, j
(2α1kx, j − ky, j −ω j)i+ k2x, j
,
B j =
(2α2kx, j − ky, j −ω j)i− k2x, j
(2α2kx, j − ky, j −ω j)i+ k2x, j
,
ω jkx, j = ρ21[2− (A j +A∗j)]+ρ22[2− (B j +B∗j)] ,
η j = kx, jx+ ky, jy+ω jt +η j0 ,
and
C12 =−C
−
12
C+12
,
C−12 = (θ1−θ2)(ω1−ω2)+σ1ρ21(A1A∗2 +A2A∗1−2)
+σ2ρ22(B1B∗2 +B2B∗1−2) ,
5/35
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C+12 = (θ1 +θ2)(ω1 +ω2)+σ1ρ21(A1A2 +A∗1A∗2−2)
+σ2ρ22(B1B2 +B∗1B∗2−2) ,
where kx, j,ky, j,ω j and η j0 ( j = 1,2) are arbitrary complex constants.
In general, one can get the N-dark-dark soliton solutions of the 2D coupled YO system (1)–(3):
G = ρ1eiζ1
× ∑
µ=0,1
exp
(
N
∑
j=1
µ j(η j +a j)+
N
∑
1≤ j<l
µ jµlc jl
)
, (24)
H = ρ2eiζ2
× ∑
µ=0,1
exp
(
N
∑
j=1
µ j(η j +b j)+
N
∑
1≤ j<l
µ jµlc jl
)
, (25)
F = ∑
µ=0,1
exp
(
N
∑
j=1
µ jη j +
N
∑
1≤ j<l
µ jµlc jl
)
, (26)
with
σ1ρ21 +σ2ρ22 =C ,
ζk = αkx+βky− (βk−α2k)t +ζk0 , k=1,2
ea j ≡ A j =
(2α1kx, j − ky, j −ω j)i− k2x, j
(2α1kx, j − ky, j −ω j)i+ k2x, j
,
eb j ≡ B j =
(2α2kx, j − ky, j −ω j)i− k2x, j
(2α2kx, j − ky, j −ω j)i+ k2x, j
,
ω jkx, j = σ1ρ21[2− (A j +A∗j)]+σ2ρ22[2− (B j +B∗j)] ,
and
C jl ≡ ec jl =−
C−jl
C+jl
,
C−jl = (kx, j −θl)(ω j−ωl)+σ1ρ21(A jA∗l +AlA∗j −2)
+σ2ρ22(B jB∗l +BlB∗j −2) ,
C+jl = (kx, j +θl)(ω j +ωl)+σ1ρ
2
1(A jAl +A∗jA∗l −2)
+σ2ρ22(B jBl +B∗jB∗l −2) ,
where the notation ∑µ=0,1 represents all possible combinations µ j = 0,1 and η j = kx, jx+ ky, jy+
ω jt +η j0 for j = 1,2,3 . . .N.
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2.2 General N-dark-dark soliton solutions in the Gram determinant form
In this subsection, we construct an alternative form of the N-soliton solution based on the KP
hierarchy reduction method.
Lemma 2.1. The following bilinear equations in the KP hierarchy:19
(Dx2 −D2x1 −2aDx1)τ(k+1, l) · τ(k, l) = 0 , (27)(
1
2
Dx1Dx−1 −1
)
τ(k, l) · τ(k, l)
=−τ(k+1, l)τ(k−1, l) , (28)
(Dx2 −D2x1 −2bDx1)τ(k, l+1) · τ(k, l) = 0 , (29)(
1
2
Dx1Dy−1 −1
)
τ(k, l) · τ(k, l)
=−τ(k, l+1)τ(k, l−1) , (30)
where a and b are complex constants, and k and l are integers, have the Gram type determinant
solutions
τ(k, l) =
∣∣∣ mi j(k, l) ∣∣∣1≤i, j≤N , (31)
where the entries of the determinant are given by
mi j(k, l) = ci j +
∫
φi(k, l)ψ j(k, l) dx1,
φi(k, l) = (pi−a)k(pi−b)l exp(θi),
ψi(k, l) =
(
− 1
qi +a
)k(
− 1
qi +b
)l
exp(˜θi) ,
with
θi =
1
pi−ax−1 +
1
pi−by−1 + pix1 + p
2
i x2 +θi0,
˜θ j =
1
qi +a
x−1 +
1
qi +b
y−1 +qix1−q2i x2 + ˜θi0,
where ci j, pi,qi,θi0 and ˜θi0 (i, j = 1,2, · · · ,N) are arbitrary complex constants.
The proof is given in the Appendix.
Now we consider the reduction of the above bilinear equations in order to derive the general
dark soliton solution. Assuming x−1, y−1, x1 are real, x2, a(= iα1), b(= iα2) are pure imaginary
and qi = p∗i , ˜θ j0 = θ∗j0, ci j = c∗i j = δi j, one can get
˜θ j = θ∗j , m ji(k, l) = m∗i j(−k,−l),
7/35
J. Phys. Soc. Jpn. DRAFT
τ(k, l) = τ∗(−k,−l). (32)
Hence, Eqs.(27)-(30) can be recast into
(Dx2 −D2x1 −2iα1Dx1)g · f = 0, (33)(
1
2
Dx1Dx−1 −1
)
f · f =−gg∗, (34)
(Dx2 −D2x1 −2iα2Dx1)h · f = 0, (35)(
1
2
Dx1Dy−1 −1
)
f · f =−hh∗, (36)
by defining
f = τ(0,0), g = τ(1,0), h = τ(0,1),
g∗ = τ(−1,0), h∗ = τ(0,−1) . (37)
By introducing the independent variable transformation
x1 = x, x2 =−iy,
x−1 = σ1ρ21(t− y), y−1 = σ2ρ22(t− y), (38)
i.e.,
∂x = ∂x1 , ∂y =−i∂x2 −σ1ρ21∂x−1 −σ2ρ22∂y−1 ,
∂t = σ1ρ21∂x−1 +σ2ρ22∂y−1, (39)
Eqs.(33)-(36) become
[i(Dt +Dy−2α1Dx)−D2x]g · f = 0 , (40)
[i(Dt +Dy−2α1Dx)+D2x]g∗ · f = 0 , (41)
[i(Dt +Dy−2α2Dx)−D2x]h · f = 0 , (42)
[i(Dt +Dy−2α2Dx)+D2x]h∗ · f = 0 , (43)
[DtDx−2(σ1ρ21 +σ2ρ22)] f · f
+2σ1ρ21gg∗+2σ2ρ22hh∗ = 0 . (44)
By virtue of the following dependent variable transformation
S(1) = ρ1eiζ1
g
f , S
(2) = ρ2eiζ2
h
f , L =−2(log f )xx , (45)
with ζ j = α jx+β jy− (β j −α2j)t +ζ j0 for j=1,2, the bilinear equations (40)–(44) are then trans-
formed into the 2D YO system (1)-(3). Hence we immediately have the following theorem for the
8/35
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general N-dark-dark soliton solutions of Eqs. (1)-(3).
Theorem 2.2. The N-dark-dark soliton solutions for the 2D coupled YO system (1)-(3) are
S(1) = ρ1ei[α1x+β1y−(β1−α
2
1)t+ζ10] gf , (46)
S(2) = ρ2ei[α2x+β2y−(β2−α
2
2)t+ζ20] hf , (47)
L =−2(log f )xx , (48)
where f ,g and h are Gram determinants given by
f =
∣∣∣∣∣δi j + 1pi + p∗j eξi+ξ
∗j
∣∣∣∣∣
N×N
,
g =
∣∣∣∣∣δi j +
(
− pi− iα1
p∗j + iα1
)
1
pi + p∗j
eξi+ξ∗j
∣∣∣∣∣
N×N
,
h =
∣∣∣∣∣δi j +
(
− pi− iα2
p∗j + iα2
)
1
pi + p∗j
eξi+ξ∗j
∣∣∣∣∣
N×N
,
with
ξ j = p jx−
( σ1ρ21
p j − iα1 +
σ2ρ22
p j − iα2 + ip
2
j
)
y
+
( σ1ρ21
p j − iα1 +
σ2ρ22
p j − iα2
)
t +ξ j0,
where αk,βk,ρk,ζk0 (k=1,2) are real constants, and p j,ξ j0 are arbitrary complex constants.
Remark 2.3. By putting the parameters in (24)-(26) as
kx, j = p j + p∗j , ky, j =−ω j − i(p2j − p∗2j ),
ω j =
σ1ρ21(p j + p∗j)
|p j − iα1|2 +
σ2ρ22(p j + p∗j)
|p j − iα2|2 ,
η j0 = ξ j0 +ξ∗j0 + 1p j + p∗j ,
the N-dark-dark soliton solutions (24)-(26) are equivalent to the Gram type determinant solutions
(46)-(48).
2.3 General N-dark-dark soliton solutions in the Wronskian form
In this subsection, we show that the general N-dark-dark soliton solutions for the 2D coupled
YO system (1)-(3) can be expressed in the Wronskian from.
Lemma 2.4. The following Wronskian satisfies the bilinear equations of the KP hierarchy (27)-
9/35
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(30):
τ(k, l)
=
∣∣∣∣∣∣∣∣∣∣∣
ϕ1(k, l) ∂x1ϕ1(k, l) · · · ∂(N−1)x1 ϕ1(k, l)
ϕ2(k, l) ∂x1ϕ2(k, l) · · · ∂(N−1)x1 ϕ2(k, l)
...
... · · · ...
ϕN(k, l) ∂x1ϕN(k, l) · · · ∂(N−1)x1 ϕN(k, l)
∣∣∣∣∣∣∣∣∣∣∣
,
(49)
with
ϕi(k, l) = (pi−a)k(pi−b)l exp(θi)
+(qi−a)k(qi−b)l exp(˜θi),
θi =
1
pi−ax−1 +
1
pi−by−1 + pix1 + p
2
i x2 +θi0,
˜θi =
1
qi−ax−1 +
1
qi−by−1 +qix1 +q
2
i x2 + ˜θi0,
where p j,q j,θi0 and ˜θi0 are arbitrary complex constants.
We provide the proof in the Appendix.
Next, we proceed to reductions. By applying the complex conjugate conditions
p∗i =−qi, θ∗i0 =−˜θ′i0, (50)
with exp(˜θi0) =
(
∏Nk=1,k,i pi−qkqi−qk
)
exp(˜θ′i0) and the determinant formula21
det
1≤i, j≤N
(
p j−1i Ai +q
j−1
i Bi
)
=
(
∆(q1,q2, · · · ,qN)
N
∏
i=1
Bi
)
×
N
∑
M=0
∑
1≤i1<···<iM≤N
(
∏
1≤µ<ν≤M
(piµ−piν)(qiµ−qiν)
(piµ−qiν)(qiµ−piν)
)
×
M
∏
ν=1
Aiν
B ′iν
, (51)
where Bi =
(
∏Nk=1,k,i pi−qkqi−qk
)
B ′i and ∆ is the Vandermonde determinant, the following relation can
be derived
τ(0,0) = G
N
∑
M=0
∑
1≤i1<···<iM≤N
∣∣F (iµ, iν)∣∣2
10/35
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×
M
∏
ν=1
exp(θiν +θ∗iν), (52)
τ(1,0) = Ca ·G
N
∑
M=0
∑
1≤i1<···<iM≤N
∣∣F (iµ, iν)∣∣2
×
M
∏
ν=1
(
− piν −a
p∗iν +a
)
exp(θiν +θ∗iν), (53)
τ(−1,0) = 1
Ca
·G
N
∑
M=0
∑
1≤i1<···<iM≤N
∣∣F (iµ, iν)∣∣2
×
M
∏
ν=1
(
− p
∗
iν +a
piν −a
)
exp(θiν +θ∗iν), (54)
τ(0,1) = Cb ·G
N
∑
M=0
∑
1≤i1<···<iM≤N
∣∣F (iµ, iν)∣∣2
×
M
∏
ν=1
(
− piν −b
p∗iν +b
)
exp(θiν +θ∗iν), (55)
τ(0,−1) = 1
Cb
·G
N
∑
M=0
∑
1≤i1<···<iM≤N
∣∣F (iµ, iν)∣∣2
×
M
∏
ν=1
(
− p
∗
iν +b
piν −b
)
exp(θiν +θ∗iν), (56)
where
G = ∆(−p∗1,−p∗2, · · · ,−p∗N)
N
∏
i=1
(
N
∏
k=1,k,i
− pi + p
∗
k
p∗i − p∗k
)
×exp(−θ∗i ),
Ca =
N
∏
i=1
(−1)N(p∗i +a), Cb =
N
∏
i=1
(−1)N(p∗i +b),
F (iµ, iν) = ∏
1≤µ<ν≤M
(piµ−piν)
(piµ+p∗iν)
.
Next, setting
f = τ(0,0)
G
, g =
τ(1,0)
CaG
, h = τ(0,1)
CbG
,
g∗ =
Caτ(−1,0)
G
, h∗ = Cbτ(0,−1)
G
, (57)
Eqs. (27)-(30) become
(Dx2 −D2x1 −2aDx1)g · f = 0, (58)
11/35
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(
1
2
Dx1Dx−1 −1
)
f · f =−gg∗, (59)
(Dx2 −D2x1 −2bDx1)h · f = 0, (60)(
1
2
Dx1Dy−1 −1
)
f · f =−hh∗, (61)
which are nothing but the bilinear equations (33)-(36) if a = iα1, b = iα2. Then, by applying the
same transformations of independent variables (38) and dependent variables (45), the 2D coupled
YO system (1)-(3) can be obtained.
In summary, we obtain an alternative form of the N-dark-dark soliton solution of Eqs. (1)-(3)
in the following theorem:
Theorem 2.5. The N-dark-dark soliton solutions for the 2D coupled YO system (1)-(3) are
S(1) = ρ1ei[α1x+β1y−(β1−α
2
1)t+ζ10] gf , (62)
S(2) = ρ2ei[α2x+β2y−(β2−α
2
2)t+ζ20] hf , (63)
L =−2(log f )xx , (64)
where f ,g and h are Wronskians expressed by the form
f = 1
G
∣∣∣∣∣∣∣∣∣∣∣
ϕ1 ∂x1ϕ1 · · · ∂(N−1)x1 ϕ1
ϕ2 ∂x1ϕ2 · · · ∂(N−1)x1 ϕ2
...
... · · · ...
ϕN ∂x1ϕN · · · ∂(N−1)x1 ϕN
∣∣∣∣∣∣∣∣∣∣∣
,
g =
1
C1G
∣∣∣∣∣∣∣∣∣∣∣
ϕ¯1 ∂x1ϕ¯1 · · · ∂(N−1)x1 ϕ¯1
ϕ¯2 ∂x1ϕ¯2 · · · ∂(N−1)x1 ϕ¯2
...
... · · · ...
ϕ¯N ∂x1ϕ¯N · · · ∂(N−1)x1 ϕ¯N
∣∣∣∣∣∣∣∣∣∣∣
,
h = 1
C2G
∣∣∣∣∣∣∣∣∣∣∣
ϕ˜1 ∂x1ϕ˜1 · · · ∂(N−1)x1 ϕ˜1
ϕ˜2 ∂x1ϕ˜2 · · · ∂(N−1)x1 ϕ˜2
...
... · · · ...
ϕ˜N ∂x1ϕ˜N · · · ∂(N−1)x1 ϕ˜N
∣∣∣∣∣∣∣∣∣∣∣
,
with
G = ∆(−p∗1,−p∗2, · · · ,−p∗N)
×
N
∏
j=1
( N
∏
k=1,k, j
− p j + p
∗
k
p∗j − p∗k
)
exp(−ξ∗j),
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C1 =
N
∏
j=1
(−1)N(p∗j + iα1), C2 =
N
∏
j=1
(−1)N(p∗j + iα2),
and
ϕ j = exp(ξ j)+ exp(−ξ∗j),
ϕ¯ j = (p j− iα1)exp(ξ j)− (p∗j + iα1)exp(−ξ∗j),
ϕ˜ j = (p j− iα2)exp(ξi)− (p∗j + iα2)exp(−ξ∗j),
ξ j = p jx−
( σ2ρ21
p j − iα1 +
σ2ρ22
p j − iα2 + ip
2
j
)
y
+
( σ1ρ21
p j − iα1 +
σ2ρ22
p j − iα2
)
t +ξ j0,
where αk,βk,ρk,ζk0,(k=1,2) are real constants, and p j,ξ j0 are complex constants.
3. General N-dark-dark soliton solutions of the one-dimensional coupled YO system
The general N-dark-dark soliton solutions for the 1D coupled YO system can be derived from
the one for 2D coupled YO system by further reductions. In what follows, we show the detailed
process.
First, it is noted that the Gram determinant solution of the bilinear equations (27)-(30) in the
KP hierarchy can be rewritten as
τ(k, l)
=
∣∣∣∣∣δi j +
(
− pi− iα1
p∗j + iα1
)k(
− pi− iα2
p∗j + iα2
)l
1
pi + p∗j
eξi+ξ∗j
∣∣∣∣∣
= exp
(
N
∑
k=1
(ξk +ξ∗k)
)
×
∣∣∣∣∣δi je−ξi−ξ∗i +
(
− pi− iα1
p∗j + iα1
)k(
− pi− iα2
p∗j + iα2
)l
1
pi + p∗j
∣∣∣∣∣ ,
(65)
with
ξi +ξ∗i =
(
1
pi− iα1 +
1
p∗i + iα1
)
x−1
+
(
1
pi− iα2 +
1
p∗i + iα2
)
y−1
+(pi + p∗i )x1 +(p
2
i − p∗2i )x2 +ξi0 +ξ∗i0 .
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Thus, if pi satisfies the constraint condition:
σ1ρ21
(
1
pi− iα1 +
1
p∗i + iα1
)
+σ2ρ22
(
1
pi− iα2 +
1
p∗i + iα2
)
=−i(p2i − p∗2i ), (66)
i.e.,
σ1ρ21
|pi− iα1|2 +
σ2ρ22
|pi− iα2|2 =−i(pi− p
∗
i ), (67)
then we have
(σ1ρ21∂x−1 +σ2ρ22∂y−1)τ(k, l) =−i∂x2τ(k, l) , (68)
which implies
(σ1ρ21∂x−1 +σ2ρ22∂y−1) f =−i∂x2 f , (69)
by using f = τ(0,0). Moreover, differentiating with respect to x1 once, we have
σ1ρ21 fx1x−1 +σ2ρ22 fx1y−1 =−i fx1x2 . (70)
Notice that Eqs.(34) and (36) can be rewritten as
fx1x−1 f − fx1 fx−1 − f 2 =−gg∗, (71)
fx1y−1 f − fx1 fy−1 − f 2 =−hh∗ . (72)
From the above relations, we have
−i( fx1x2 f − fx2 fx1)− (σ1ρ21 +σ2ρ22) f 2
+σ1ρ21gg∗+σ2ρ22hh∗ = 0, (73)
or the bilinear form
−iDx1Dx2 f · f −2(σ1ρ21 +σ2ρ22) f 2
+2σ1ρ21gg∗+2σ2ρ22hh∗ = 0 . (74)
Finally, by using the transformations of independent variables
x1 = x, x2 =−it, (75)
i.e.,
∂x1 = ∂x, ∂x2 = i∂t , (76)
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Eqs. (33)-(36) become
[i(Dt −2α1Dx)−D2x]g · f = 0 , (77)
[i(Dt −2α1Dx)+D2x]g∗ · f = 0 , (78)
[i(Dt −2α2Dx)−D2x]h · f = 0 , (79)
[i(Dt −2α2Dx)+D2x]h∗ · f = 0 , (80)
[DtDx−2(σ1ρ21 +σ2ρ22)] f · f
+2σ1ρ21gg∗+2σ2ρ22hh∗ = 0 . (81)
By similar transformations of dependent variables (45), the above bilinear equations are converted
into the 1D coupled YO system. Thus we have the following theorem about N-dark-dark soliton
solutions for the 1D coupled YO system.
Theorem 3.6. The two-component generalization of one-dimensional YO system
iS(1)t −S(1)xx +LS(1) = 0, (82)
iS(2)t −S(2)xx +LS(2) = 0, (83)
Lt = 2(σ1|S(1)|2 +σ2|S(2)|2)x, (84)
has N-dark-dark soliton solution:
S(1) = ρ1ei[α1x+α
2
1t+ζ10] gf , (85)
S(2) = ρ2ei[α2x+α
2
2t+ζ20] hf , (86)
L =−2(log f )xx , (87)
where f ,g and h are Gram determinants given by
f =
∣∣∣∣∣δi j + 1pi + p∗j eξi+ξ
∗j
∣∣∣∣∣
N×N
,
g =
∣∣∣∣∣δi j +
(
− pi− iα1
p∗j + iα1
)
1
pi + p∗j
eξi+ξ∗j
∣∣∣∣∣
N×N
,
h =
∣∣∣∣∣δi j +
(
− pi− iα2
p∗j + iα2
)
1
pi + p∗j
e
ξi+ξ∗j
∣∣∣∣∣
N×N
,
where ξ j = p jx− ip2jt+ξ j0, αk, ρk, ζk0 (k=1,2) are real constants, p j, ξ j0 are complex constants,
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and these parameters satisfy the constraint conditions:
σ1ρ21
|p j − iα1|2 +
σ2ρ22
|p j − iα2|2 =−i(p j − p
∗
j) . (88)
Remark 3.7. Compared with the two dimensional case, the parameters in the N-dark-dark soliton
solutions of the 1D coupled YO system need to satisfy some constraint conditions. In fact, by
rewriting the solutions (46)-(48) in the two dimensional case into the similar forms as (65), one
can get
ξi +ξ∗i
= (pi + p∗i )
×
[
x−
(
σ1ρ21
|pi− iα1|2 +
σ2ρ22
|pi− iα2|2 + i(pi− p
∗
i )
)
y
+
(
σ1ρ21
|pi− iα1|2 +
σ2ρ22
|pi− iα2|2
)
t
]
+ξi0 +ξ∗i0 . (89)
It is easy to find that the constraint conditions in the one-dimensional case are nothing but the
zero condition for the coefficients of y in the two-dimensional case. It is interesting that the similar
constraint conditions are obtained in finding the N-dark-dark soliton solutions for the coupled NLS
equation.19
4. Dynamics of dark-dark solitons
4.1 Single dark-dark solitons
To obtain a single dark-dark soliton solution in Eqs.(1)-(3), we take N = 1 in the formula
(46)-(48). The Gram determinants read
f = 1+ 1
p1+p∗1
eξ1+ξ∗1, (90)
g = 1− 1
p1+p∗1
p1− iα1
p∗1 + iα1
eξ1+ξ∗1 , (91)
h = 1− 1
p1+p∗1
p1− iα2
p∗1 + iα2
eξ1+ξ∗1 , (92)
and then the one-dark-dark soliton solution can be written as
S(1) = ρ1
2
ei[α1x+β1y−(β1−α21)t+ζ10]
×
[
1+K(1)1 − (1−K(1)1 ) tanh
(ξ1 +ξ∗1 +Θ1
2
)]
, (93)
S(2) = ρ2
2
ei[α2x+β2y−(β2−α22)t+ζ20]
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×
[
1+K(2)1 − (1−K(2)1 ) tanh
(ξ1 +ξ∗1 +Θ1
2
)]
, (94)
L =−1
2
(p1 + p∗1)
2sech2
(ξ1 +ξ∗1 +Θ1
2
)
, (95)
with
eΘ1 =
1
p1 + p∗1
=
1
2a1
,
K(1)1 =−
p1− iα1
p∗1 + iα1
=−a1 + i(b1−α1)
a1− i(b1−α1) ,
K(2)1 =−
p1− iα2
p∗1 + iα2
=−a1 + i(b1−α2)
a1− i(b1−α2) ,
ξ1 +ξ∗1 = 2a1x
−
( 2σ1a1ρ21
a21 +(b1−α1)2
+
2σ2a1ρ22
a21 +(b1−α2)2
−4a1b1
)
y
+
( 2σ1a1ρ21
a21 +(b1−α1)2
+
2σ2a1ρ22
a21 +(b1−α2)2
)
t +2ξ10R,
where p1 = a1 + ib1, a1,b1,ξ10R,αi,βi,ρi,ζi0,(i=1,2) are real constants and ξ10 is a complex
constant.
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Fig. 1. Single dark-dark solitons (degenerate) at the fixed time t = 0 with the parameters σ1 = σ2 = 1, p1 = 2,ρ1 =
1,ρ2 = 2,α1 = α2 = 0,β1 = 1,β2 = 2.
From (93)-(95), the intensity functions of the short wave components |S(1)|, |S(2)| and the long-
wave component L move at velocity − σ1ρ21
a21+(b1−α1)2
− σ2ρ22
a21+(b1−α2)2
along the x-direction. As x,y →
±∞, |S(1)| → |ρ1|, |S(2)| → |ρ2|, −L → 0
Denoting K(1)1 = exp(2iφ(1)1 ) and K(2)1 = exp(2iφ(2)1 ), the phases of the short wave components
S(1) and S(2) acquire shifts in the amount of 2φ(1)1 and 2φ(2)1 but the long wave component −L
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Fig. 2. Single dark-dark solitons (non-degenerate) at the fixed time t = 0 with the parameters σ1 = σ2 = 1, p1 =
2,ρ1 = 1,ρ2 = 2,α1 = 0,α2 = 2,β1 = 1,β2 = 2.
phase shifts is zero as x,y vary from −∞ to +∞ if 2φ(1)1 and 2φ(2)1 represent the phases of con-
stants K(1)1 and K
(1)
1 respectively. Without loss of generality, we can assume 2φ(1)1 ,2φ(2)1 ∈ (−pi,pi],
(or φ(1)1 ,φ(2)1 ∈ (−pi2 , pi2 ]). Then the intensities of the center of the solitons (ξ1 + ξ∗1 +Θ1 = 0) are
|S(1)|center = |ρ1|cosφ(1)1 , |S(2)|center = |ρ2|cosφ(2)1 and −Lcenter = 2a21. For the short wave compo-
nents, the fact that the center intensities are lower than the background intensities implies these
solitons are dark-dark solitons.
There are two different cases corresponding to values of α1 and α2:
(i) α1 = α2. In this case, K(1)1 = K
(2)
1 , i.e., φ(1)1 = φ(2)1 , this means the short wave components
S(1) and S(2) are proportional to each other. In this situation, the dark-dark soliton solution for
the coupled YO system is equivalent to the dark soliton solution in the single-component YO
system, so it is viewed as degenerate case similar to the coupled NLS equation.19 We illustrate
these degenerate solitons in Fig. 1.
(ii) α1 , α2. The condition K(1)1 , K
(2)
1 , i.e., φ(1)1 , φ(2)1 suggests that the components S(1) and S(2)
have different degrees of darkness at the center. In this non-degenerate single dark-dark solitons of
the coupled YO system (1)-(3), the components S(1) and S(2) are not proportional to each other. As
is shown in Fig. 2, the intensity of the component S(1) is black, but the intensity of the component
S(2) is gray at their centers.
4.2 Two-dark-dark solitons
The two-dark-dark soliton solution can be obtained by taking N = 2 in the formula (46)-(48).
In this case, we have
S(1) = ρ1ei[α1x+β1y−(β1−α
2
1)t+ζ10]g2f2 , (96)
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S(2) = ρ2ei[α2x+β2y−(β2−α
2
2)t+ζ20]h2f2 , (97)
L =−2(log f2)xx , (98)
with
f2 = 1+ eξ1+ξ∗1+Θ1 + eξ2+ξ∗2+Θ2 (99)
+Ω12eξ1+ξ
∗
1+ξ2+ξ∗2+Θ1+Θ2, (100)
g2 = 1+K
(1)
1 e
ξ1+ξ∗1+Θ1 +K(1)2 eξ2+ξ
∗
2+Θ2
+Ω12K
(1)
1 K
(1)
2 e
ξ1+ξ∗1+ξ2+ξ∗2+Θ1+Θ2 , (101)
h2 = 1+K
(2)
1 e
ξ1+ξ∗1+Θ1 +K(2)2 eξ2+ξ
∗
2+Θ2
+Ω12K
(2)
1 K
(2)
2 e
ξ1+ξ∗1+ξ2+ξ∗2+Θ1+Θ2 , (102)
and
eΘ j =
1
p j + p∗j
=
1
2a j
,
Ω12 =
∣∣∣∣ p1− p2p1 + p∗2
∣∣∣∣
2
=
∣∣∣∣a1−a2 + i(b1−b2)a1 +a2 + i(b1−b2)
∣∣∣∣
2
=
(a1−a2)2 +(b1−b2)2
(a1 +a2)2 +(b1−b2)2 ,
K(1)j =−
p j − iα1
p∗j + iα1
=−a j + i(b j−α1)
a j − i(b j−α1) ,
K(2)j =−
p j − iα2
p∗j + iα2
=−a j + i(b j−α2)
a j − i(b j−α2) ,
ξ j +ξ∗j = kx, jx+ ky, jy+ω jt +2ξ j0R,
= 2a jx
−
( 2σ1a jρ21
a2j +(b j −α1)2
+
2σ2a jρ22
a2j +(b j−α2)2
−4a jb j
)
y
+
( 2σ1a jρ21
a2j +(b j −α1)2
+
2σ2a jρ22
a2j +(b j−α2)2
)
t +2ξ j0R,
where p j = a j + ib j, a j,b j,α j,β j,ρ j,ζ j0,( j=1,2) are real constants, and ξ10,ξ20 are complex
constants.
Remark 4.8. In the case of a2 = −a1 and b2 = b1 (i.e., p2 = −p∗1), the denominator of Ω12
becomes zero. On this critical wave number, the soliton interaction shows Y-shape. This Y-shape
type soliton solution is called the resonant soliton solution which was found in the KP equation.
As the two-soliton solution of the KP equation, the above two-soliton solution are classified into
two different types of soliton interactions:22–25
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(1) If a1a2 < 0, 1 < Ω12. This case is called the O-type soliton interaction. In this case, two
asymptotic soliton amplitudes 2a21 and 2a22 (in the variable −L) can be equivalent when a2 =
−a1. The interaction peak (the maximum of L) is always greater than the sum of the asymptotic
soliton amplitudes.
(2) If a1a2 > 0, 0 < Ω12 < 1. This case is called the P-type soliton interaction. In this case, two
asymptotic soliton amplitudes 2a21 and 2a22 (in the variable −L) cannot be equivalent. The
interaction peak (the maximum of −L) is always less than the sum of the asymptotic soliton
amplitudes.
Note that types of soliton interactions do not depend on the parameters b1 and b2 (i.e., the
imaginary parts of p1 and p2). The resonant Y-shape soliton solution is obtained by taking the
limit b2 → b1 in the equal-amplitude O-type two-soliton (a2 = −a1). The interaction coefficient
Ω12 for the two-soliton solution of the 2D coupled YO system is always non-negative although it
can be negative for the KP two-soliton solution.
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Fig. 3. Two dark-dark solitons at the fixed time t = 0 the parameters σ1 = σ2 = 1, p1 = 1+ i, p2 = 1.5+ i,ρ1 =
1,ρ2 = 2,α1 = 1,α2 = 2,β1 = 1,β2 = 2.
The collision of two dark-dark solitons is displayed in Fig. 3. It is easy to observe that the
two solitons pass through each other without any change of shape, darkness and velocity in both
components after collision. Hence there is no energy transfer between the two solitons or between
the S(1) and S(2) components after collision. This complete transmission of energy of dark-dark
soliton in both components occurs not only for σ1 = σ2 = 1 as in Fig. 3, but also for all other σ1
and σ2 values. For the coupled YO system, this kind of phenomenon is distinctly different from
collisions of bright-bright solitons. As reported in the paper by Kanna, Vijayajayanthi, Sakkar-
avarthi and Lakshmanan,13 the bright-bright solitons in the short wave components S(1) and S(2)
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undergo shape changing (energy redistribution) collisions while the long wave component only
have an elastic collision.
5. Dark-dark soliton bound states
In this section, we investigate the soliton bound states. To obtain two dark-dark soliton bound
states of the coupled YO system, the parameters need to satisfy ω1kx,1 =
ω2
kx,2 and
ω1
ky,1 =
ω2
ky,2 , which
results in two solitons with the same velocity in both short and long wave components.
5.1 The stationary dark-dark soliton bound states
The stationary dark-dark soliton bound states means that the common velocity equals zero. The
stationary solitons for the 2D coupled YO system are possible when σ1 and σ2 take opposite signs.
Requiring the coefficients of t in the solution (46)-(48) of the 2D coupled YO system (σ1 = 1,σ2 =
−1) to be zero, i.e., ρ21|pi−iα1|2 −
ρ22
|pi−iα2|2 = 0. The degenerate case (α1 = α2) leads to ρ
2
1 = ρ22, the
dark soliton solutions for two short wave components are equivalent. The non-degenerate situation
α1 , α2 can be further divided into two subcases (p j = a j + ib j):
• Case (a) ρ21 = ρ22: We have b j = α1+α22 and K
(1)
j = K
(2)∗
j . This case is trivial.
• Case (b) ρ21 , ρ22: a j =
√
ρ22(b j−α1)2−ρ21(b j−α2)2
ρ21−ρ22
.
In case (b), the soliton solution is independent of the time t and |S(1)|2−|S(2)|2 = ρ21−ρ22. Thus the
original YO system reduces to two component linear Schro¨dinger equations with potential L(x,y)
if y is viewed as the time variable. That is to say, the linear Schro¨dinger equation
iSy−Sxx +LS = 0, (103)
possess two dark soliton solutions expressed by the form (46)-(48) with the constraints ρ21|pi−iα1|2 −
ρ22
|pi−iα2|2 = 0 and βk = α2k for k = 1,2.
Two examples of bound states are illustrated in Fig. 4 and Fig. 5, respectively. Fig. 4 shows a
case of ky,1kx,1 ,
ky,2
kx,2 , which corresponds to an oblique bound state. Whereas, Fig. 5 displays a trivial
case of ky,1kx,1 =
ky,2
kx,2 , which corresponds to a quasi-one-dimensional one. This kind of bound states
can be viewed as two dark-dark soliton bound states of the linear Schro¨dinger equation (103) with
potential L.
5.2 The moving bound dark-dark soliton states
The moving bound dark-dark soliton states require the common velocity being nonzero, i.e.,
ω1 , 0 and ω2 , 0. Then the parameters need to satisfy the following condition:
b1 = b2 ,
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Fig. 4. The stationary dark-dark soliton bound states under the condition ky,1kx,1 ,
ky,2
kx,2 with the parameters σ1 = 1,σ2 =
−1, p1 =
√
3+ i, p2 = 94 +
3
√
7
4 i,ρ1 = 1,ρ2 = 2,α1 = 1,α2 =−2,β1 = 1,β2 = 2.
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Fig. 5. The stationary dark-dark soliton bound states under the condition ky,1kx,1 =
ky,2
kx,2 with the parameters σ1 = 1,σ2 =
−1, p1 = 1+ 32 i, p2 = 32 + 32 i,ρ1 = 1,ρ2 = 1,α1 = 1,α2 = 2,β1 = 1,β2 = 2.
a2 =
√
−σ1ρ
2
1α
′2
2 (a
2
1+α
′2
2 )+σ2ρ22α
′2
1 (a
2
1 +α
′2
1 )
σ1ρ21(a21+α
′2
2 )+σ2ρ22(a21 +α
′2
1 )
,
(104)
where α′1 = b1−α1 and α′2 = b2−α2. From the above expression, σ1 and σ2 must take different
signs. To show these moving bound dark-dark soliton states, we choose the parameters as
σ1=−σ2=α1=β1=ρ1=b1=b2=a1=1,
α2 =
1
4
, β2=2, a2=32 , ρ2=
5
√
5
8
, (105)
and the corresponding profiles are displayed in Figs. 6–8 at different times.
We should point out that, in both stationary and moving bound states, the short wave compo-
nents acquire non-zero phase shifts but the long wave component has no phase shift as x and y vary
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Fig. 6. The moving bound dark-dark soliton states with the parameters (105) at time t =−20.
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Fig. 7. The moving bound dark-dark soliton states with the parameters (105) at time t = 0.
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Fig. 8. The moving bound dark-dark soliton states with the parameters (105) at time t = 20.
from −∞ to +∞. This feature is the same as the general two-dark-dark solitons. Indeed, if 2φ(1)j
and 2φ(2)j represent the phases of complex constants K(1)j and K(2)j respectively, the phase shifts for
all components are S(1)phase shift = 2φ(1)1 +2φ(1)2 , S(2)phase shift = 2φ(2)1 +2φ(2)2 and −Lphase shift = 0. The
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total phase shifts of each short wave component are equal to the sum of the individual ones of the
two dark solitons while the phase shifts of the long wave component are always zero.
Most recently, Sakkaravarthi and Kanna presented three bright-bright soltion bound states of
the coupled YO system.20 It is natural to see whether or not three- or higher-order dark-dark-soliton
bound states exist in the coupled YO system. To ensure three- or higher-order dark-dark soliton
bound states, at least three distinct values of p j should exist. For the stationary bound states, as two
subcases stated in Sect. 5.1, a j can either take arbitrary positive value or is determined by b j. So
it is not difficult to construct the stationary dark-dark bound state up to arbitrary order. However,
for the moving dark-dark soliton bound states, from (104), all b j’s values must be the same, which
ends up at most two distinct values of a j. This observation leads to a conclusion that there is no
three- or higher-order moving bound states.
6. General N dark soliton solutions of the one- and two-dimensional multi-component YO
systems
As a matter of fact, we can extend our previous analysis to the 1D and 2D multi-component
coupled YO systems. It is known that the multi-bright soliton solutions can be derived from the
reduction of the multi-component KP hierarchy, whereas, the multi-dark soliton solutions are ob-
tained from the reduction of the single KP hierarchy but with multiple copies of shifted singular
points. Therefore, the general dark soliton solutions for the multi-component YO systems can be
constructed in the same spirit as the two-component YO system. The details are omitted here, and
we present only the results for both 1D and 2D multi-component YO systems.
To seek for N-dark soliton solutions, the 2D multi-component YO system consisting of M short
wave components and one long wave component
i(S(k)t +S
(k)
y )−S(k)xx +LS(k) = 0, k = 1,2, · · · ,M (106)
Lt = 2
M
∑
k=1
σk|S(k)|2x , (107)
is transformed to the following bilinear form
[i(Dt +Dy−2αkDx)−D2x]gk · f = 0, (108)
k = 1,2, · · · ,M
[DtDx−2
M
∑
k=1
σkρ2k] f · f +2
M
∑
k=1
σkρ2kgkg∗k = 0, (109)
through the dependent variable transformations:
S(k) = ρkei[αkx+βky−(βk−α
2
k)t+ζk0]gkf , k = 1,2, · · · ,M
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L =−2(log f )xx , (110)
where αk,βk,ρk,ζk0 are real constants.
Similar to the procedure discussed in Sect. 2.2, taking into account the Gram type determinant
solutions of the KP hierarchy, one can obtain N-dark soliton solutions as follows:
f =
∣∣∣∣∣δi j + 1pi + p∗j eξi+ξ
∗j
∣∣∣∣∣
N×N
, (111)
gk =
∣∣∣∣∣δi j +
(
− pi− iαk
p∗j + iαk
)
1
pi + p∗j
eξi+ξ∗j
∣∣∣∣∣
N×N
, (112)
with
ξ j = p jx−
(
M
∑
k=1
σkρ2k
p j − iαk + ip
2
j
)
y
+
M
∑
k=1
σkρ2k
p j − iαk t +ξ j0 ,
where p j and ξ j0 are complex constants.
Starting from the Wronskian solution of the KP hierarchy, N-dark soliton solutions in the
Wronskian form can be constructed in the same way in Sect. 2.3, which is of the following form
f = 1
G
∣∣∣∣∣∣∣∣∣∣∣
ϕ1 ∂x1ϕ1 · · · ∂(N−1)x1 ϕ1
ϕ2 ∂x1ϕ2 · · · ∂(N−1)x1 ϕ2
...
... · · · ...
ϕN ∂x1ϕN · · · ∂(N−1)x1 ϕN
∣∣∣∣∣∣∣∣∣∣∣
, (113)
gk =
1
CkG
∣∣∣∣∣∣∣∣∣∣∣
ϕ¯(k)1 ∂x1ϕ¯
(k)
1 · · · ∂(N−1)x1 ϕ¯(k)1
ϕ¯(k)2 ∂x1ϕ¯
(k)
2 · · · ∂(N−1)x1 ϕ¯(k)2
...
... · · · ...
ϕ¯(k)N ∂x1ϕ¯
(k)
N · · · ∂(N−1)x1 ϕ¯(k)N
∣∣∣∣∣∣∣∣∣∣∣
, (114)
with
G = ∆(−p∗1,−p∗2, · · · ,−p∗N)
×
N
∏
j=1
( N
∏
k=1,k, j
− p j + p
∗
k
p∗j − p∗k
)
exp(−ξ∗j),
Ck =
N
∏
j=1
(−1)N(p∗j + iαk),
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and
ϕ j = exp(ξ j)+ exp(−ξ∗j),
ϕ¯(k)j = (p j − iαk)exp(ξ j)− (p∗j + iαk)exp(−ξ∗j),
ξ j = p jx−
( M
∑
k=1
σkρ2k
p j − iαk + ip
2
j
)
y
+
M
∑
k=1
σkρ2k
p j − iαk t +ξ j0 ,
where p j and ξ j0 are complex constants.
By the similar procedure discussed in Sect. 3, N-dark soliton solutions for 1D multi-component
YO system are provided with the same form as the one for two-dimensional case. In other words,
N-dark soliton solutions for 1D and 2D integrable systems can be deduced simultaneously without
reformulating the problem. To be more specific, the following bilinear form
[i(Dt −2αkDx)−D2x]gk · f = 0, k = 1,2, · · · ,M (115)
[DtDx−2
M
∑
k=1
σkρ2k] f · f +2
M
∑
k=1
σkρ2kgkg∗k = 0, (116)
is converted from the 1D multi-component YO system
iS(k)t −S(k)xx +LS(k) = 0, k = 1,2, · · · ,M (117)
Lt = 2
M
∑
k=1
σk|S(k)|2x. (118)
through dependent variable transformations
S(k) = ρkei[αkx+α
2
kt+ζk0]gkf , k = 1,2, · · · ,M (119)
L =−2 ∂
2
∂x2 log f , (120)
where αk,ρk,ζk0 are real constants.
It is shown that, by imposing the constraint conditions
M
∑
k=1
σkρ2k
|p j − iαk|2 =−i(p j − p
∗
j) , j = 1,2 · · · ,N , (121)
the terms associated with Dy in (108)-(109) are dropped out, the bilinear equations for the 2D multi-
component YO system are reduced to (115)-(116) for the 1D case. Therefore, the N-dark soliton
solution for the 1D multi-component coupled YO system shares the same Gram determinant form
(111)-(112) or Wronskian form (113)-(114) except the constraint conditions (121).
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7. Conclusions
We have constructed the general multi-dark soliton solutions in both the 1D and the 2D multi-
component coupled YO systems and analyzed their dynamical behaviors. General multi-dark soli-
ton solutions for 2D multi-component soliton systems have never been reported in literature.
By using the classical Hirota bilinear method, we have presented the N-dark-dark soliton solu-
tions with the implicit dispersion relation in the 2D coupled YO system containing two short wave
component and one long wave component. By virtue of the reduction method of the KP hierarchy,
N-dark-dark soliton solutions expressed by Gram type and Wronski type determinants are derived
and proved. The process of obtaining N-dark-dark soliton solutions elucidates the connections of
the YO system with other integrable systems in the KP hierarchy, which will be helpful for the
further study of these systems. By further reduction, we also provide the general N-dark-dark soli-
ton solutions for the 1D coupled YO system in the same form as the one for the 2D coupled YO
system except some constraint conditions. The similar form of general N-dark soliton solutions in
the 1D and 2D multi-component YO systems are constructed by simply inserting more copies of
the shifts of singular points.
We have further investigated the dynamical behaviors of one and two dark-dark solitons in the
2D coupled YO system with two short wave components. In contrast with bright-bright soliton
solutions, it is shown that dark-dark soliton collisions are elastic and there is no energy exchange
in two components of each soliton.
Moreover, the dark-dark soliton bound states including the stationary and moving ones are
discussed. For the stationary case, the bound states exist up to arbitrary order, whereas, for the
moving case, only two-soliton bound state is possible under the condition that the coefficients of
nonlinear terms have opposite signs.
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Appendix A
In this appendix, we present the proof of Lemma 2.1 in Sect. 2.2.19 Consider functions φi and
ψi which satisfy the following differential and difference rules:
∂x2φi(k, l) = ∂2x1φi(k, l),
∂x−1φi(k, l) = φi(k−1, l),
φi(k+1, l) = (∂x1 −a)φi(k, l), (A·1)
∂x2ψi(k, l) =−∂2x1ψi(k, l),
∂x−1ψi(k, l) =−ψi(k+1, l),
ψi(k−1, l) =−(∂x1 +a)ψi(k, l).
Define
mi j(k, l) = ci j +
∫
φi(k, l)ψ j(k, l) dx1 ,
and the N×N matirx m(k, l) = (mi j(k, l))1≤i, j≤N. Then one can easily verify that the matrix ele-
ments mi j(k, l) satisfy
∂x1mi j(k, l) = φi(k, l)ψ j(k, l),
∂x2mi j(k, l)
= (∂x1φi(k, l))ψ j(k, l)−φi(k, l)
(
∂x1ψ j(k, l)
)
,
∂x−1mi j(k, l) =−φi(k−1, l)ψ j(k+1, l), (A·2)
mi j(k+1, l) = mi j(k, l)+φi(k, l)ψ j(k+1, l) .
The functions φi, ψi and the matrix elements mi j(k, l) in Lemma 2.1 satisfy these relations.
Then with the help of (A·1) and (A·2), one can check that the derivatives and shifts of the τ
function are expressed by the bordered determinants as follows:10, 19
∂x1τ(k, l) =
∣∣∣∣∣∣
m(k, l) Φ(k, l)
−Ψ(k, l) 0
∣∣∣∣∣∣ ,
∂2x1τ(k, l) =
∣∣∣∣∣∣
m(k, l) ∂x1Φ(k, l)
−Ψ(k, l) 0
∣∣∣∣∣∣
+
∣∣∣∣∣∣
m(k, l) Φ(k, l)
−∂x1 Ψ(k, l) 0
∣∣∣∣∣∣ ,
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∂x2τ(k, l) =
∣∣∣∣∣∣
m(k, l) ∂x1Φ(k, l)
−Ψ(k, l) 0
∣∣∣∣∣∣
−
∣∣∣∣∣∣
m(k, l) Φ(k, l)
−∂x1 Ψ(k, l) 0
∣∣∣∣∣∣ ,
∂x−1τ(k, l) =
∣∣∣∣∣∣
m(k, l) Φ(k−1, l)
Ψ(k+1, l) 0
∣∣∣∣∣∣ ,
(∂x1∂x−1 −1)τ(k, l)
=
∣∣∣∣∣∣∣∣
m(k, l) Φ(k−1, l) Φ(k, l)
Ψ(k+1, l) 0 −1
−Ψ(k, l) −1 0
∣∣∣∣∣∣∣∣
,
τ(k+1, l) =
∣∣∣∣∣∣
m(k, l) Φ(k, l)
−Ψ(k+1, l) 1
∣∣∣∣∣∣ ,
τ(k−1, l) =
∣∣∣∣∣∣
m(k, l) Φ(k−1, l)
Ψ(k, l) 1
∣∣∣∣∣∣ ,
(∂x1 +a)τ(k+1, l) =
∣∣∣∣∣∣
m(k, l) ∂x1Φ(k, l)
−Ψ(k+1, l) a
∣∣∣∣∣∣ ,
(∂x1 +a)2τ(k+1, l) =
∣∣∣∣∣∣
m(k, l) ∂2x1Φ(k, l)
−Ψ(k+1, l) a2
∣∣∣∣∣∣
+
∣∣∣∣∣∣∣∣
m(k, l) ∂x1Φi(k, l) Φi(k, l)
−Ψ(k+1, l) a 1
−Ψ(k, l) 0 0
∣∣∣∣∣∣∣∣
,
(∂x2 +a2)τ(k+1, l) =
∣∣∣∣∣∣
m(k, l) ∂2x1Φ(k, l)
−Ψ(k+1, l) a2
∣∣∣∣∣∣
−
∣∣∣∣∣∣∣∣
m(k, l) ∂x1Φ(k, l) Φ(k, l)
−Ψ(k+1, l) a 1
−Ψ(k, l) 0 0
∣∣∣∣∣∣∣∣
,
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where the bordered determinants are defined as∣∣∣∣∣∣
m(k, l) Φ(k, l)
−Ψ(k, l) 0
∣∣∣∣∣∣
≡
∣∣∣∣∣∣∣∣∣∣∣
m11(k, l) m12(k, l) · · · m1N(k, l) φ1(k, l)
m21(k, l) m22(k, l) · · · m2N(k, l) φ2(k, l)
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
mN1(k, l) mN2(k, l) · · · mNN(k, l) φN(k, l)
−ψ1(k, l) −ψ2(k, l) · · · −ψN(k, l) 0
∣∣∣∣∣∣∣∣∣∣∣
,
and Φ(k, l) = (φ1(k, l),φ2(k, l), · · · ,φN(k, l))T and Ψ(k, l) = (ψ1(k, l),ψ2(k, l), · · · ,ψN(k, l)).
By using the above relations, one can verify
(Dx2 −D2x1 −2aDx1)τ(k+1, l) · τ(k, l)
=−2
∣∣∣∣∣∣∣∣
m(k, l) ∂x1Φ(k, l) Φ(k, l)
−Ψ(k+1, l) a 1
−Ψ(k, l) 0 0
∣∣∣∣∣∣∣∣
×
∣∣∣ m(k, l) ∣∣∣
+2
∣∣∣∣∣∣
m(k, l) ∂x1Φ(k, l)
−Ψ(k+1, l) 0
∣∣∣∣∣∣
×
∣∣∣∣∣∣
m(k, l) Φ(k, l)
−Ψ(k, l) 0
∣∣∣∣∣∣
−2
∣∣∣∣∣∣
m(k, l) Φ(k, l)
−Ψ(k+1, l) 0
∣∣∣∣∣∣
×
∣∣∣∣∣∣
m(k, l) ∂x1Φ(k, l)
−Ψ(k, l) 0
∣∣∣∣∣∣ , (A·3)
(
1
2
Dx1Dx−1 −1
)
τ(k, l) · τ(k, l)+ τ(k+1, l)τ(k−1, l)
=
∣∣∣∣∣∣∣∣
m(k, l) Φ(k−1, l) Φ(k, l)
Ψ(k+1, l) 0 −1
−Ψ(k, l) −1 0
∣∣∣∣∣∣∣∣
×
∣∣∣ m(k, l) ∣∣∣
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−
∣∣∣∣∣∣
m(k, l) Φ(k, l)
−Ψ(k, l) 0
∣∣∣∣∣∣
×
∣∣∣∣∣∣
m(k, l) Φ(k−1, l)
Ψ(k+1, l) 0
∣∣∣∣∣∣
+
∣∣∣∣∣∣
m(k, l) Φ(k, l)
−Ψ(k+1, l) 1
∣∣∣∣∣∣
×
∣∣∣∣∣∣
m(k, l) Φ(k−1, l)
Ψ(k, l) 1
∣∣∣∣∣∣ . (A·4)
Both (A·3) and (A·4) are identically zero because of the Jacobi identities10 and hence τ(k, l),τ(k+
1, l) and τ(k−1, l) satisfy the bilinear equations (27) and (28). In a similar way, one can prove the
other two bilinear identities (29) and (30).
Appendix B
Here we present the proof of Lemma 2.4 in Sect. 2.3.
Consider the τ-function
τ(k, l)
=
∣∣∣∣∣∣∣∣∣∣∣
ϕ1(k, l) ∂x1ϕ1(k, l) · · · ∂(N−1)x1 ϕ1(k, l)
ϕ2(k, l) ∂x1ϕ2(k, l) · · · ∂(N−1)x1 ϕ2(k, l)
...
... · · · ...
ϕN(k, l) ∂x1ϕN(k, l) · · · ∂(N−1)x1 ϕN(k, l)
∣∣∣∣∣∣∣∣∣∣∣
,
(B·1)
where functions ϕi(k, l) satisfy the following linear dispersion relations:
∂x1ϕ
(n)
i (k, l) = ϕ
(n)
i (k+1, l)+aϕ
(n)
i (k, l), (B·2)
∂x2ϕ
(n)
i (k, l) = ∂2x1ϕ
(n)
i (k, l)
= ϕ(n)i (k+2, l)+2aϕ
(n)
i (k+1, l)+a
2ϕ(n)i (k, l),
(B·3)
∂x−1ϕ
(n)
i (k, l) = ϕ
(n)
i (k−1, l), (B·4)
∂x1ϕ
(n)
i (k, l) = ϕ
(n)
i (k, l+1)+bϕ
(n)
i (k, l), (B·5)
∂x2ϕ
(n)
i (k, l) = ∂2x1ϕ
(n)
i (k, l)
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= ϕ(n)i (k, l+2)+2bϕ
(n)
i (k, l+1)+b
2ϕ(n)i (k, l),
(B·6)
∂y−1ϕ
(n)
i (k, l) = ϕ
(n)
i (k, l−1). (B·7)
The functions ϕi(k, l) in Lemma 2.4 satisfy these relations.
Let us introduce a simplified notation,∣∣nk,l,n+1k,l, . . . ,n+N−1k,l∣∣
≡
∣∣∣∣∣∣∣∣∣
∂nx1 ϕ1(k, l) ∂n+1x1 ϕ1(k, l) · · · ∂n+N−1x1 ϕ1(k, l)
∂nx1 ϕ2(k, l) ∂n+1x1 ϕ2(k, l) · · · ∂n+N−1x1 ϕ2(k, l)
.
.
.
.
.
. · · · ...
∂nx1 ϕN(k, l) ∂n+1x1 ϕN(k, l) · · · ∂n+N−1x1 ϕN(k, l)
∣∣∣∣∣∣∣∣∣
.
One can rewrite the above τ-function as
τ(k, l) =
∣∣0k,l,1k,l, . . . ,N−2k,l,N−1k,l∣∣
=
∣∣0k,l,1k,l, . . . ,N−2k,l,(N−2k+1,l)+a(N−2k,l)∣∣
=
∣∣0k,l,1k,l, . . . ,N−2k,l,N−2k+1,l∣∣
· · ·
=
∣∣0k,l,0k+1,l,1k+1,l, . . . ,N−3k+1,l ,N−2k+1,l∣∣
· · ·
=
∣∣0k,l,0k+1,l,0k+2,l, . . . ,0k+N−2,l,0k+N−1,l∣∣ . (B·8)
For simplicity, we omit subscripts k,l . Thus the above τ-function is written as
τ(k, l) =
∣∣0k,l,1k,l, . . . ,N−2k,l,N−1k,l∣∣
=
∣∣0k,l,0k+1,l,0k+2,l, . . . ,0k+N−2,l,0k+N−1,l∣∣
= |0,1, . . . ,N−2,N−1| .
The differential formulas for τ(k, l) are derived as follows:
∂x1τ(k, l) = ∂x1 |0,1, . . . ,N−2,N−1|
= |0,1, . . . ,N−2,N|+Naτ(k, l), (B·9)
∂2x1τ(k, l) = ∂x1 |0,1, . . . ,N−2,N|+Na∂x1τ(k, l),
= |0,1, . . . ,N−3,N−1,N|
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+ |0,1, . . . ,N−3,N−2,N +1|
+Na(∂x1 −Na)τ(k, l)+Na∂x1τ(k, l)
= |0,1, . . . ,N−3,N−1,N|
+ |0,1, . . . ,N−3,N−2,N +1|
+2Na∂x1 τ(k, l)−N2a2τ(k, l), (B·10)
∂x2τ(k, l) = ∂x2 |0,1, . . . ,N−2,N−1|
=−|0,1, . . . ,N−3,N−1,N|
+ |0,1, . . . ,N−3,N−2,N +1|
+2a∂x1τ(k, l)−Na2τ(k, l), (B·11)
∂x−1τ(k, l) = ∂x−1 |0,1, . . . ,N−2,N−1|
= |−1,1, . . . ,N−2,N−1| , (B·12)
∂x−1∂x1τ(k, l)
= ∂x−1 |0,1, . . . ,N−2,N|+Na∂x−1 τ(k, l)
= |−1,1, . . . ,N−2,N|+ |0,1, . . . ,N−2,N−1|
+Na∂x−1 τ(k, l)
= |−1,1, . . . ,N−2,N|+ τ(k, l)+Na∂x−1τ(k, l).
(B·13)
Consider the following determinant identities:∣∣∣∣∣ 1 · · · N−2 N−1 N N +1 ØØ N−1 N N +1 0 1 · · · N−2
∣∣∣∣∣= 0,
and ∣∣∣∣∣ −1 1 · · · N−2 N Ø N−1−1 Ø N 0 1 · · · N−2 N−1
∣∣∣∣∣= 0.
Applying the Laplace expansion to the left-hand side of these identities, we obtain the Plu¨cker
relations
|1, . . . ,N−2,N,N+1|× |0,1, . . . ,N−2,N−1|
−|1, . . . ,N−2,N−1,N+1|× |0,1, . . . ,N−2,N|
+ |1, . . . ,N−2,N−1,N|× |0,1, . . . ,N−2,N+1|= 0,
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|−1,1, . . . ,N−2,N|× |0,1, . . . ,N−2,N−1|
−|−1,1, . . . ,N−2,N−1|× |0,1, . . . ,N−2,N|
+ |1,2, . . . ,N−2,N−1,N|× |−1,0,1, . . . ,N−3,N−2|= 0 .
By using the τ-functions, these determinant identities are rewritten as
1
2
(−∂x2τ(k+1, l)+∂2x1τ(k+1, l)
−2(N−1)a∂x1τ(k+1, l)+N(N−1)a2τ(k+1, l)
)
×τ(k, l)
−(∂x1τ(k+1, l)−Naτ(k+1, l))
×(∂x1τ(k, l)−Naτ(k, l))
+τ(k+1, l)
×1
2
(
∂x2τ(k, l)+∂2x1τ(k, l)−2(N+1)a∂x1τ(k, l)
+N(N +1)a2τ(k, l)
)
= 0,
(∂x−1∂x1τ(k, l)− τ(k, l)−Na∂x−1τ(k, l))× τ(k, l)
−∂x−1 τ(k, l)× (∂x1τ(k, l)−Naτ(k, l))
+τ(k+1, l)× τ(k−1, l) = 0,
which are nothing but bilinear equations (27) and (28), respectively. Eqs.(29) and (30) can be
proved in a similar way.
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